The distribution of biodiversity at multiple sites of a region has been traditionally investigated through the additive partitioning of the regional biodiversity, called γ-diversity, into the average within-site biodiversity or α-diversity, and the biodiversity among sites, or β-diversity. The standard additive partitioning of diversity requires the use of a measure of diversity which is a concave function of the relative abundance of species, like the Shannon entropy or the GiniSimpson index, for instance. When a phylogenetic distance between species is also taken into account, Rao's quadratic index has been used as a measure of dissimilarity. Rao's index, however, is not a concave function of the distribution of relative abundance of either individual species or pairs of species and, consequently, only some nonstandard additive partitionings of diversity have been given using this index. The objective of this paper is to show that the weighted quadratic index of biodiversity, a generalization of the weighted Gini-Simpson index to the pairs of species, is a concave function of the joint distribution of the relative abundance of pairs of species and, therefore, may be used in the standard additive partitioning of diversity instead of Rao's index. The replication property of this new measure is also discussed.
INTRODUCTION
The amount of turnover among species assemblages is an important component for the conservation of biodiversity. The diversity turnover is called β-diversity while the regional diversity and the mean of the local diversities are called γ-diversity and α-diversity, respectively. Unlike the α-diversity and the γ-diversity, there is no consensus about how to interpret and calculate the β-diversity. According to Whittaker [1, 2] who introduced the terminology, β-diversity is the ratio between γ-diversity and α-diversity. This is the multiplicative partitioning of diversity. According to MacArthur [3] , MacArthur and Wilson [4] , and Lande [5] , β-diversity is the difference between γ-diversity and α-diversity. This is the additive partitioning of diversity. Initially, the diversity measures used in the partitioning of diversity (such as the classic Shannon's entropy [6] and the Gini-Simpson index [7, 8] ) depended only on the relative abundance of species. Later, Rao [9] introduced a dissimilarity measure that takes into account both the relative abundance of species and an arbitrary distance between species (for example, the phylogenetic distance). When Rao's index is used as a measure in the additive partitioning of biodiversity, β-diversity reflects the dissimilarity between the diversities of the sites of the respective region.
Within the last decade or so, many published studies attempted to use Rao's index in the additive partitioning of biodiversity. Some papers have looked for special types of distance matrices for which Rao's index is a concave function of the distribution of the relative abundance of individual species. Other papers have looked for nonstandard, particular additive partitioning of diversity in α-, β-, and γ-diversities. The main difficulty comes from the fact that, for an arbitrary distance between species, Rao's index is a quadratic, but not concave, function of the distribution of the relative abundance of individual species and a linear, but not quadratic, function of the joint distribution of the relative abundance of distinct pairs of species and, as a consequence, it is not suited for the general standard additive partitioning into α-, β-, and γ-diversities. The present paper proposes the use of a weighted quadratic indicator instead of Rao's index. The weighted quadratic indicator, a generalization of the weighted Gini-Simpson index to the pairs of species, proves to be a concave function of the joint distribution of the relative abundance of pairs of species and is suitable for use in the additive partitioning of biodiversity induced by the pairs of species when a distance between species is taken into account. The formula for calculating the β-diversity, as a measure of dissimilarity among the diversities of the sites, is given. A numerical example is presented in order to illustrate how the mathematical formalism may be applied. In Section 4, a simple algebraic transformation is presented, which allows the use of the weighted quadratic index in the multiplicative partitioning of biodiversity, and the corresponding replication property is discussed.
Rao's index [9] , also called quadratic entropy or dissimilarity measure, is:
Let us assume that in a certain region there are n species and m sites. In what follows, the subscripts i and j refer to species (i, j = 1, ,n) and the subscripts k and r refer to sites, (k, r = 1, ,m).
Let
be the vector whose components are the relative abundances of the individual species within site k, such that:
A measure of diversity μ may be used in the standard additive partioning of diversity induced by individual species if it is a concave function, which means that it satisfies the inequality:
for arbitrary parameters such that:
In such a case, as pointed out by Lande [5] , the righthand side of (1) is the α-diversity, denoted by α, measuring the average local diversity, and the left-hand side of (1) is the γ-diversity, denoted by γ, measuring the regional or global diversity. In the additive partitioning of diversity, the β-diversity is the diference between the γ-diversity and the α-diversity, ,      representing the variation, changes and dissimilarity between the diversities of the sites within the given region.
The measures of biodiversity H, GS, RGS, and GSW are concave functions and satisfy the inequality (1), for arbitrary parameters (2) , and, therefore, are suitable to be used in the additive partioning of diversity induced by individual species.
Viewed as a function of the relative abundance of individual species, R D is a quadratic function of the relative abundance of individual species. Unfortunately, if the distance matrix D is arbitrary, Rao's index R D , taken as a diversity measure μ, does not satisfy the inequality (1) for arbitrary parameters (2) and, therefore, cannot be used in a standard additive partitioning of the diversity. There is a vast recent literature (Pavoine et al. [15] , Ricotta [16] , Ricotta and Szeidel [17] , Hardy and Senterre [18] , Villéger and Mouillot [19] , Hardy and Jost [20] , Ricotta and Szeidel [21] , Sherwin [22] , De Bello et al. [23] , and Tuomisto [24, 25] about how to use Rao's index R D in the additive partioning of diversity. Some research focused on finding special kinds of distance matrices D for which the corresponding Rao's index R D is a concave function, such as the matrix D assumed to be Euclidean, for instance. Some other research focused on how to use Rao's index for getting a nonstandard additive partitioning of diversity, which means determining whether some special parameters (2) could be used in order to define analog α-, β-, and γ-diversities corresponding to these particular parameters.
For instance, Hardy and Senterre [18] proposed the following nonstandard statistical framework for partitioning the phylogenetic γ-diversity into α-and β-components using Rao's index.
Let A ik be the abundance (number of individuals) of species i within site k. The relative abundance of species i within site k is:
and the relative abundance of species i over all sites is defined as:
Let ij d be the distance between the species i and j. Using Rao's index, Hardy and Senterre [18] defined the γ-diversity to be:
measuring the total or regional diversity. The diversity within-site k is:
The average within-site diversity:
According to the additive partitioning of diversity, β-diversity is defined by them to be:
Villéger and Mouillot [19] generalized the model proposed by Hardy and Senterre, following an approach outlined by Ricotta [16] . They kept T E and k E unchanged but replaced S E by the new:
which is also a particular case of parameters 1 , , m    satisfying (2) .
According to Hardy and Jost [20] , the approaches proposed by Hardy and Senterre [18] and by Villégere and Mouillot [19] are both adequate in their specific contexts but they provide, however, only a nonstandard additive partitioning of biodiversity.
WEIGHTED QUADRATIC INDEX
Rao's index is important because it measures diversity taking into account both the dissimilarity between species, as induced by a distance between them, such as a phylogenetic distance for instance, and the relative abundance of species. Let 
In such a case, Rao's index for site k is:
and it is indeed a linear function of the joint distribution
 of the relative abundance of pairs of species.
In dealing with species diversity, a good measure of the difference or dissimilarity among the sites in a certain region has to be nonnegative and equal to zero if and only if there is no such difference. Dealing with pairs of species, a measure of diversity μ may be used in the standard additive partitioning of diversity if it is a concave function, which means that it satisfies the inequality:
for arbitrary parameters 1 , , m    satisfying (2). In dealing with the diversity induced by the pairs of species, the right-hand side of (5) is the α-diversity, denoted by α, the left-hand side of (5) 
This is a quadratic function of 
In a more general context, let ij W w      be a square matrix whose components are arbitrary nonnegative weights assigned to the pairs of species. Denote by: 
GS  given by (6) . 
we get:
1 π
We can see that β ≥ 0 and β is equal to zero if and only if the sites have identical joint relative distribution, namely, 
,
where, according to (9), we have:
We have β ≥ 0 and β = 0 if and only if the relative abundance of the pairs of species , ,
is the same for each site k.
Numerical example: Let ik A be the abundance (number of individuals) of species i within site k. Using an example given by Villéger and Mouillot [19] , let us assume that there are three species (n = 3), three sites (m = 2 ,
twice the diversity of A or B.
Chao et al. [29] claim that the doubling property is "an important requirement for species-neutral diversity". This replication property refers, however, to a very singular situation because, practically, it is almost impossible to see two communities having the same number of entirely different species with exactly the same relative abundance. But there is another problem here. Thus, Jost ([10,28] ) states that: "The diversity of a community (say community C) should double if every species is divided into two equal groups, say males (community A) and females (community B) and each group is considered to be a distinct species…A measure of diversity doubles when two identically distributed but distinct communities, with no shared species, (like communities A and B, respectively) are added together in equal proportions". We notice, however, that the simple union of the identically diverse communities A and B does not reflect the diversity of community C, because C contains indeed the diversities of A and B, taken separately, but has now the additional gender diversity, which is missing in A and in Rao [9] introduced a dissimilarity measure (4) that takes into account both the relative abundance of species and an arbitrary distance between species. When Rao's index is used in the additive partitioning of diversity, the β-diversity reflects the dissimilarity between the diversities of the sites of the respective region.
CONCLUSIONS
Rao's dissimilarity measure takes into account both the relative abundance of species and an arbitrary distance between species (for example, the phylogenetic distance). There is a large number of papers published in the last decade dealing with different attempts at using Rao's index in the additive partitioning of biodiversity. Some papers have looked for special types of distance matrices for which Rao's index is a concave function of the distribution of the relative abundance of individual species. Other papers have looked for nonstandard, particular additive partitioning of diversity into analog α-, β-, and γ-diversities. The main difficulty comes from the fact that, for an arbitrary distance between species, Rao's index is a quadratic, but not concave, function of the distribution of the relative abundance of the individual species and a linear, but not quadratic, function of the joint distribution of the relative abundance of the distinct pairs of species and, as a consequence, it is not suitable for use in the general standard additive partitioning of diversity into α-, β-, and γ-diversities. The present paper proposes the use of a weighted quadratic indicator (6) instead of Rao's index (4) . The weighted quadratic indicator, a generalization of the weighted Gini-Simpson index to the pairs of species, proves to be a concave function of the joint distribution of the relative abundance of the pairs of species and is suitable for use in the additive partitioning of biodiversity induced by the pairs of species when a distance between species is taken into account. There is a simple Formula (12) for calculating the β-diversity, as a measure of dissimilarity among the diversities of the sites. A simple algebraic transformation is given which allows the use of the weighted GiniSimpson index in the multiplicative partitioning of biodiversity induced by the individual species (13) or by the pairs of species (14) , and the corresponding replication properties are discussed.
